We study the φ 4 scalar field theory in de Sitter space using the 2PI effective action formalism.
I. INTRODUCTION
The study of quantum fields in de Sitter space has a long history. This is partly due to the high symmetry of de Sitter geometry. In fact, this symmetry enables us to exactly solve the theory regardless of its curved spacetime nature [1] . Recently, quantum field theory in de Sitter space has again attracted attention due to measurements of the Cosmic Microwave Background radiation anisotropy and the discovery of the accelerating expansion of the present universe. It is well known that in de Sitter space, a propagator of massless scalar fields which minimally couple to the background geometry diverges due to infrared effects [2, 3] . In other words, there is no well-defined propagator for a massless, minimally coupled scalar field in de Sitter symmetric states. This means that a perturbative calculation will break down which causes difficulties in computing rigorous quantum corrections for the inflationary universe. At present, whether this infrared divergence is physical entity or not is unexplained.
In an attempt to regulate the infrared divergence, a low-momentum cutoff could be introduced. This cutoff prescription corresponds to considering a local de Sitter geometry.
This idea is justified because in a realistic inflationary scenario, an inflationary expansion phase ceases at a finite time. This cutoff partially breaks the de Sitter symmetry, and the propagator gets the logarithmic term of a(η), a scale factor where η is the conformal time.
This fact means that physical quantities such as the energy-momentum tensor may become time dependent [4] [5] [6] .
Another method is to investigate the effects of a resummation of infrared divergences.
One example is an effective stochastic approach devised by Starobinsky and Yokoyama [7] . This approach treats the field fluctuations of low-frequency modes which exceed the Hubble scale stochastically, and enables us to investigate the resummed effects of infrared terms.
However the stochastic approach includes only the leading infrared terms at each order of perturbative expansion. On the other hand, the two-particle irreducible (2PI) formalism is adopted for a resummation of the O(N) linear sigma model to estimate the effects of quantum corrections beyond one-loop level to the non-Gaussianity [8] . In their paper, the large-N limit is taken to simplify the equations, and again the stochastic assumption is used for solving the equations. Their research suggests that a self-interacting scalar field acquires an effective mass which prevents infrared divergences. More recently, the same theory is investigated by the 1/N expansion without the 2PI formalism or the stochastic assumption [9] . This expansion resums the infinite series of so-called cactus loop diagrams.
Again, it was shown that the ultralong-wavelength fluctuations of scalar fields generate a strictly positive curvature-induced mass, and forbid the existence of spontaneously symmetry broken states.
In this paper, we consider a resummation approach without the 1/N expansion from the basic principles of quantum field theory. The reason we avoid the 1/N expansion is as follows: this expansion is used for the investigation of the nonperturbative nature of quantum field theories. Using this method, it has been shown that for O(N) field theories, spontaneous breaking of the global O(N) symmetry is impossible, not only in flat space [10, 11] but also in curved space [12] . Hence, it is possible that effects such as dynamical mass generation and the absence of spontaneously broken states are not genuine effects of the models or the nature of curved geometry, but are simply due to the nature of the 1/N expansion.
Thus, to separate the characteristic properties of the 1/N expansion, we should resum the loop diagrams without the 1/N technique. We will employ the 2PI resummation technique instead of the 1/N technique. For our purpose, multi-fields are unnecessary. For simplicity, we will thus study the infrared effects of the φ 4 scalar field theory.
This paper is organized as follows. In Sec. II, we briefly review the infrared problem in de Sitter space. In Sec. III, we show how the 2PI formalism circumvents the infrared divergences. In Sec. IV, we derive the mean field and gap equations varying the 2PI effective action which is truncated up to the double bubble diagram with respect to the mean field and the full propagator. From these equations, we can identify the physical mass and calculate the effective potential. Sec. V is devoted to the discussion and conclusion. In this paper, we adopt the unit system of c = = 1.
II. FREE FIELD PROPAGATOR IN DE SITTER SPACE
In this section, we briefly review the infrared problem for a massless, minimally coupled free field in de Sitter space. De Sitter space is represented by the following line element in terms of comoving spatial coordinates x and conformal time −∞ < η < 0
where a(η) = −1/Hη is a scale factor, and H is a Hubble parameter constant.
Let us consider a free scalar field theory on this geometry with the action
where
is the Ricci scalar curvature and ξ is a conformal factor. Then, the quantum field φ(x) is expressed as the mode expansion of the comoving-momentum [13] :
where k is a comoving spatial momentum, k = |k|, H
ν (z) is the Hankel function and
The operators a k and a † k are the annihilation and creation operators, respectively, with a k |0 = 0 and [a k , a †
For a massless, minimally coupled field, ν = 3/2, the Hankel function is expressed as an elementary function,
Thus, the two-point function is expressed as follows
This expression is obviously infrared divergent. This is the infrared divergence for a massless, minimally coupled scalar field. This divergence is usually regulated in the following two ways discussed below.
The first way is to introduce a low-momentum cutoff Λ. This prescription corresponds to considering a local de Sitter geometry. In this case, the two-point function of a field with a small mass is expressed by [2, 3] 
where we take
and Λ is taken to be H. This expression has the correct massless limit. The third term in this expression represents the de Sitter breaking term. This time-dependent term eventually breaks down the perturbative expansion.
The second method regulates the infrared divergence using a small-mass parameter. In this case, the de Sitter symmetry is retained, and the equation of the propagator is transformed to a differential equation of the de Sitter invariant length y:
This equation is solved by the hypergeometric function [1]
If we take ξ = 0, and expand the propagator around m = 0, we obtain [14]
Of course, this propagator does not have a de Sitter breaking term. If we take m → 0, G(x, x ′ ) will diverge due to infrared effects, i.e. the mass parameter works as a regularization parameter of the infrared divergence. In Sec. III, we will see how the 2PI formalism circumvents the infrared divergence.
III. TWO-PARTICLE IRREDUCIBLE FORMALISM
In this section, we review the two-particle irreducible formalism in a single-field scalar theory for the purpose of designating our notations and conventions, though this formalism is well known [15, 16] . Note also that although we should adopt Schwinger-Keldysh formalism [16] , because of the nonequilibrium nature of de Sitter space, we drop the closed-time path indices to avoid notational complexity. This is justified since to our order of approximation, the Schwinger-Keldysh formalism is similar to the usual in-out formalism. That is, G(x, x ′ ) in this paper coincides with both G ++ (x, x ′ ) and G −− (x, x ′ ) in the SchwingerKeldysh formalism [8, 16] .
In the 2PI approach, we generalize the standard generating functional to include an additional double source term. Thus, we define the generating functional in the following way:
We also define
where G(x, x ′ ) = ϕ(x)ϕ(x ′ ) , and ϕ(x) = φ(x) −φ is a shifted field. Now one can eliminate J and K in terms ofφ and G, and define the 2PI effective action as a double Legendre transformation of W .
This expression is rearranged to the following way [15, 16] :
and Γ 2 [φ, G] is expressed by (−i) times all of the two-particle irreducible vacuum diagrams with propagator G and vertices given by a shifted action S int , defined by
A two-particle irreducible diagram is a diagram which can not be cut in two by cutting only two internal lines, otherwise it is two-particle reducible. The diagrammatic expansion of Γ 2 [φ, G] for φ 4 theory is shown in Fig. 1 . The two-particle reducible diagrams at the three-loop level are also shown in Fig. 2 . The cactus and the ladder diagrams, for example, are not included in the 2PI vacuum diagrams. Thus Γ 2 [φ, G] captures the nonperturbative contribution of these diagrams. In this formalism, the mean field equation and the gap equation are given by
From these equations, we can solve G = G[φ], and an ordinary one-particle irreducible (1PI) In the standard effective action formalism, the effective action is expanded using the 1PI vacuum diagrams with the propagator given by G 0 . In contrast, in the 2PI formalism, the effective action is expanded using the 2PI vacuum diagrams with the propagator given by G.
Thus, in the 2PI formalism, contributions of infinitely many two-particle reducible diagrams are resumed into the 2PI diagrams. Moreover, one does not use the free field propagator in the calculation, and one does not need to know whether the free field propagator is well-defined or not.
IV. THE CONTRIBUTION OF DOUBLE BUBBLE DIAGRAM
For the purpose of investigating nonperturbative infrared effects, we study a minimally coupled φ 4 scalar field theory with the following action
Here we consider an approximation scheme by including the double bubble diagram in the 2PI vacuum diagrams shown in Fig. 1 . For φ 4 theory, this approximation corresponds to the Hartree-Fock approximation. Then the mean field and the gap equations are given
Quite recently, these equations were also derived from a mean field analysis [17] . To solve these equations, we utilize the de Sitter symmetry. If we assume that the vacuum state is de Sitter invariant, thenφ = const and G(x, x ′ ) will depend only on the de Sitter invariant length y(x, x ′ ), i.e. G(x, x ′ ) = G(y). The two-point function at the same spacetime point ) is then a constant G(0). Thus, the full propagator obeys the same equation as the free field one, even though the interaction is taken into account.
Here we can naturally identify the physical mass m ph in analogy with the free propagator
The gap equation is given by
The above mean field and gap equations are apparently divergent. To solve these equations, we have to renormalize them. In nonperturbative approximation schemes, renormalization is a nontrivial task, though some renormalization prescriptions exist [18] [19] [20] . Among them, we adopt the MS scheme. The divergent term G(x, x) is regularized by dimensional regularization introducing the scale λ → µ 4−d λ. If we assume that the renormalized mass square m 2 ph is small compared to H 2 and use the small mass expansion of the propagator (see Appendix), the renormalization scale is introduced to
where γ is the Euler-Mascheroni constant andμ 2 = 4πµ 2 e −γ is the renormalization scale of the MS scheme. Now we assume that we can drop the ultraviolet divergent pole terms so that the mean field and the gap equations are renormalized to
Here, the physical mass is renormalized to 
Here, we have dropped the solution of the negative value because it is unphysical: this solution leads to the instability of the system. Note that our small mass expansion is justified only in the limited range of the renormalized parameters, 0 < λ ≪ 1 and m 2 /H 2 ≪ 1. This result means that we cannot set m 2 ph to 0, and its minimum value is m
This value is in perfect agreement with the estimate by the Hartree-Fock approximation [7] .
We now turn to the mean field equation to calculate the effective potential. Making use of the m 2 ph (φ 2 ) expression, we have
This equation corresponds to ∂V eff /∂φ = m 
This solution is real and positive if −m 2 + b > 0 and (−m
This means that in de Sitter space, spontaneous symmetry breaking is possible [21] , which is in contrast to the conclusion of the 1/N expansion [9] . In fact, according to ∂V eff /∂φ = 2φ∂V eff /∂φ 2 = 0, the de Sitter effective potential is calculated to be [9] 
where we omit an irrelevant constant term. This equation is integrated to
The behavior of the effective potential as a function ofφ near the phase transition is displayed in Fig. 3 . These graphs indicate that the (local) minima of the potential correspond to the positive branch in Eq. (29). These minima may be a true or a metastable vacuum as shown in Fig. 3 . These graphs also show that the effects of de Sitter geometry work to restore the broken Z 2 symmetry, and that the phase transition is of a first-order.
V. DISCUSSION AND CONCLUSIONS
In conclusion, we verify that nonperturbative infrared quantum effects generate a strictly positive curvature-induced mass for φ 4 scalar field theory on full de Sitter geometry. In contrast to the 1/N analysis, spontaneous symmetry breaking is possible. Nonperturbative infrared effects work to restore its spontaneously broken potential, and the phase transition is of a first-order. In our analysis, we restrict our attention to the limited range of renormalized parameters in the MS scheme, 0 < λ ≪ 1 and m 2 /H 2 ≪ 1. We stress that this range of validity is sufficient for an analysis of the light fields. We derive these results from the basic principles of quantum field theory without the large-N limit, and we do not use any assumptions as is done in the stochastic approach. These results are obtained using the Hartree-Fock approximation. However, it is well known that the Hartree approximation predicts a first-order phase transition at finite temperature, and further investigation beyond this approximation lead to a second-order phase transition [22, 23] . It is important to investigate whether the first-order phase transition remains true beyond the Hartree-Fock approximation. This demands new approximation assumptions [14] .
From these results, we believe that the absence of spontaneous symmetry breaking is not the nature of de Sitter geometry, but is a property of the 1/N expansion. However, the physical mass is always positive whether the spontaneous symmetry breaking may occur or not. This is a result of the genuine geometrical nature of de Sitter space. One cannot take m ph = 0 in this model, and infrared divergence in a de Sitter propagator is naturally self-regulated due to the dynamically generated curvature-induced square mass. That is, infrared divergences are fictitious, and artificial cutoff parameters are not necessary. They arise from our perturbative expansion around m = 0. Further study of the nonperturbative infrared effects in other models is also important. It would be interesting to investigate whether the self-regulation mechanism takes place similar to the dynamical mass generation in other models.
